We present results on the rates of interlayer energy transfer between excitons in two-dimensional transition metal dichalcogenides (TMDs). We consider both radiative (mediated by real photons) and non-radiative (mediated by virtual photons) mechanisms of energy transfer using a unified Green's function approach that takes into account modification of the exciton energy dispersions as a result of interactions. The large optical oscillator strengths associated with excitons in TMDs result in very fast energy transfer rates. The energy transfer times depend on the exciton momentum, exciton linewidth, and the interlayer separation and can range from values less than 100 femtoseconds to more than tens of picoseconds. Whereas inside the light cone the energy transfer rates of longitudinal and transverse excitons are comparable, outside the light cone the energy transfer rates of longitudinal excitons far exceed those of transverse excitons. Average energy transfer times for a thermal ensemble of longitudinal and transverse excitons is temperature dependent and can be smaller than a picosecond at room temperature for interlayer separations smaller than 10 nm. Energy transfer times of localized excitons range from values less than a picosecond to several tens of picoseconds. When the exciton scattering and dephasing rates are small, energy transfer dynamics exhibit coherent oscillations. Our results show that electromagnetic interlayer energy transfer can be an efficient mechanism for energy exchange between TMD monolayers.
I. INTRODUCTION
The optoelectronic properties of 2D transition metal dichalcogenide (TMD) monolayers are dominated by excitons [1] [2] [3] . Distinguishing features of the excitons in 2D metal dichalcogenides are the large exciton binding energies and the strong exciton-photon interactions [1] [2] [3] [4] [5] [6] [7] . Recently, exciton-polaritons have been also studied experimentally and theoretically in these materials [7] [8] [9] [10] . The strong exciton-photon coupling results in spontaneous emission radiative lifetimes in the hundreds of femtoseconds range 7, [11] [12] [13] . The strong exciton-photon coupling suggests that the rates for interlayer energy transfer between excitons in parallel TMD monolayers would also be fast.
In electronically coupled 2D TMD monolayers, ultrafast energy transfer via interlayer charge transfer has been observed [14] [15] [16] . In this work, we study the rate of transfer of energy between excitons in parallel TMD monolayers as a result of electromagnetic coupling. The mechanism for this energy exchange could be both radiative (mediated by propagating photons for exciton states within the light cone 7 ) or non-radiative (mediated by evanescent photons that are bound to the exciton states outside the light cone in an isolated TMD layer as exciton-polaritons but can mediate energy exchange between two TMD layers if the two TMD layers are close enough). The latter mechanism is the same as the well known Forster resonance energy transfer (FRET) mechanism due to dipole-dipole coupling 25 . However, the use of the standard FRET dipole-dipole energy exchange formulas in the present case gives erroneous results since it ignores the retarded nature of the exciton interlayer interaction 27, 28 . The quantum electrodynamic Green's function approach used here treats both these mechanisms on equal footing while taking into account the corrections to the longitudinal and the transverse exciton energy dispersion relations due to coupling with the radiation.
The energy transfer times depend on the exciton momentum, exciton intralayer scattering rates, and the interlayer separation. Our results show that the large exciton optical oscillator strengths in TMD monolayers result in energy transfer times shorter than 100 fs for longitudinal excitons for interlayer spacings smaller than 10 nm. Average energy transfer times for a thermal ensemble of longitudinal and transverse excitons can be smaller than a picosecond. We also consider localized excitons and find that localized longitudinal excitons can also have energy transfer times shorter than a picosecond for interlayer spacings smaller than 10 nm. If the exciton scattering rates are fast, energy transfer involves a simple decay of energy from one layer to the other. If the exciton scattering rates are slow, energy transfer dynamics can exhibit coherent oscillations. Conditions for observing such oscillations are discussed in this paper. Our results show that electromagnetic interlayer energy transfer can be an efficient mechanism for energy exchange between electronically uncoupled TMD monolayers and can even compete with the interlayer charge transfer mechanism in the case of electronically coupled TMD layers.
Section II discusses exciton states in TMDs, longitudinal and transverse excitons in TMDs, and the Hamiltonian terms that describe exciton-photon interaction in TMDs. Sections III and IV present the main results of this paper on the energy transfer rates between two TMD layers. Section V presents numerical results for energy transfer rates between two MoS 2 layers. Section VI considers the case where the exciton intralayer scattering and dephasing rates are small and energy transfer dynamics exhibit coherent oscillations. Sections VII and VIII discuss some special cases, including that of localized excitons and energy transfer between excitons and free electron-hole pairs in TMD heterolayers. The Appendix discusses exciton self-energies and energy dispersions in TMD monolayers in the presence of excitonphoton interaction.
Although most of the numerical results presented in this paper are for MoS 2 monolayers, the analysis and the results presented are expected to be relevant to all TMDs, and are expected to be useful in realizing new kinds of metal dichalcogenide optoelectronic devices based on energy transfer.
II. PRELIMINARIES

A. Energy Bands in TMDs
The conduction and valence bands in monolayer TMDs near the K and K ′ points in the Brillouin zone are described by the Hamiltonian 7 ,
Here, ∆ is related to the material bandgap, σ = ±1 stands for the electron spin, τ = ±1 stands for the K and K ′ valleys, 2λ is the splitting of the valence band due to spin-orbit coupling, k ± = τ k x ± ik y , and the velocity parameter v is related to the coupling between the orbitals on neighboring M atoms. From density functional theories 18, 19 , v ≈ 5−6×10 5 m/s. The wavevectors are measured from the K(K ′ ) points. The d-orbital basis used in writing the above Hamiltonian are |d z 2 and (|d x 2 −y 2 + iτ |d xy )/ √ 2 20 . We will use the symbol s for the combined valley (τ ) and spin (σ) degrees of freedom. The intravalley momentum matrix element between the conduction and valence band states near K(K ′ ) points follows from the above Hamiltonian,
Here, m o is the free electron mass, φ k is the phase of the wavevector k, and,
Near the band extrema, cos(θ k,s ) → 1 and
B. Exciton States in TMDs
Exciton states in TMDs have been discussed in detail in several published works [4] [5] [6] [7] 17 . We assume an undoped intrinsic TMD layer. The creation operator for an exciton state with center-of-mass momentum Q is defined as 7, 17 ,
c k,s and b k,s are the destruction operators for the conduction band and valence band electron states, respectively, ψ Q,s,α ( k) is the exciton relative wavefunction, and A is the area of the TMD monolayer. λ e = m e /m ex , λ e = m h /m ex , m ex = m e + m h , where m e , m h , and m ex are the effective masses of electrons, holes, and excitons, respectively 7 . The subscript α corresponds to the different bound exciton levels. Only optically active exciton levels (whose relative wavefunction have a non-zero amplitude at zero relative distance) will be considered here. The exciton Hamiltonian can be written approximately as,
Here, E ex,α ( Q) is the exciton energy measured with respect to the ground state consisting of a filled valence band and an empty conduction band.
C. Exciton-Photon Interaction in TMDs: Exciton-Polaritons
The quantized radiation field is 22 ,
Here,n q,j for j = 1, 2 are the field polarization vectors and a q,j is the field destruction operator for a mode with wavevector q and frequency ω q . We assume a TMD monolayer occupying the x − y plane located at z along the z-axis. The interaction between the electrons and photons is given by the Hamiltonian,
where,
and
We have expressed the field wavevector q in terms of the in-plane component, q , and the out-of-plane component, q zẑ .
Transformation to Decoupled Longitudinal and Transverse Exciton Basis
Excitons belong to a particular valley (K or K ′ ) are not the eigenstates in the presence of long-range dipole-dipole interactions 7 . It is therefore convenient to switch excitons basis. Transverse and longitudinal exciton states, which are superspositions of exciton states belonging to the two valleys, are a much better choice. Transverse exciton exciton states couple with only TE polarized (or spolarized) radiation and longitudinal exciton states couple with only TM polarized (or p-polarized) radiation 7 . We define creation operators for transverse (T ) and longitudinal (L) exciton states as follows,
We also define exciton operator C q ,L/T,α and photon operator R q,L/T as,
The optical matrix element can be expressed in terms of χ ex,α ( r, q ),
Using these definitions, the exciton-photon Hamiltonian becomes,
The basis transformation decouples the longitudinal and transverse exciton-polaritons. In what follows we will assume that χ ex,α (0, q ) is real. If it had a phase, it could be absorbed in φ q used to define the operators B q ,L/T,α above.
The Quadratic Part of the Interaction Hamiltonian
The interaction Hamiltonian used above ignores the quadratic vector potential terms 7, 21 . Following Girlanda et al. 21 , the form of these extra term is found to be,
These terms must be added to the interaction Hamiltonian when expressions for the exciton self-energies are calculated 7 .
D. Exciton Spectral Density Functions
We define the exciton Green's function
as follows 23 ,
The angular brackets indicate averaging with respect to an ensemble of excitons. In the frequency domain,
Here, A Q,L/T,α (ω) is the exciton spectral density function and n B Q,L/T,α (ω) is the exciton occupation factor and equals the Bose-Einstein factor in thermal equilibrium. Most other exciton Green's functions can be obtained from the spectral density function 23 , which incorporates effects due to exciton-photon interaction as well as intralayer exciton scattering. The average exciton number is,
The spectral density functions satisfy the sum rule,
The energy dispersions E ex,L/T,α ( Q) and the spectral density functions of the transverse and longitudinal excitons in the presence of exciton-photon interaction can be found from the corresponding retarded Green's functions 7 , as shown in the Appendix. A convenient phe-
The FWHM exciton linewidth is 2Γ Q,L/T,α . The one instance where the above simple Lorentzian form does not work well is in the case of the transverse excitons right when the spectral weight shifts between the two branches of the polariton dispersion when moving from inside the light cone to outside the light cone (see the Appendix).
III. RATES OF EXCITON ENERGY TRANSFER
We consider two parallel (not necessarily identical) electronically decoupled (but electromagnetically coupled) TMD monolayers, labeled a and b, located at z = 0 and z = d, respectively, as shown in the Figure 1 . We assume that the exciton intralayer scattering and dephasing rates are fast so that energy transfer dynamics can be described as a simple decay. The case where exciton scattering and dephasing rates are slow and coherent dynamics are important is discussed later in this paper in Section VI. We calculate the average of the rate of change of the number of excitons with in-plane momentum Q in layer a as result of electromagnetic coupling to layer b. The desired Heisenberg operator is,
Note that the layer index (a or b) is added to the subscripts. We calculate the average of the operatoṙ n Q,L/T,a,α using the non-equilibrium Green's function technique 23 ,
Here, T c stands for operator contour ordering along the Keldysh contour c that runs from time −∞ to +∞ and back 23 . The angled brackets stand for averaging with respect to the initial density matrix at time −∞ 23 . The above expression can be evaluated in terms of Green's functions using standard perturbation techniques 23 . The lowest order non-zero terms in the perturbative expansion above give the rate of decrease of the exciton number due to spontaneous emission into free-space, as discussed by Wang et al. 7 . The terms relevant to the present discussion correspond to the Feynman diagrams depicted in Figure 2 which represent energy transfer between the excitons in the two layers. The bare exciton Green's functions of each layer in Figure 2 are dressed from, (i) intra-layer photon interactions (or intra-layer long-range dipole-dipole interactions), as discussed by Wang et al. 7 , and from (ii) intra-layer interactions responsible for exciton scattering assuming these interactions are included in the Hamiltonian. The final result for the energy transfer rate R E can be written in terms of the spectral density functions of the excitons in the two layers. For the transverse excitons we get,
and for the longitudinal excitons we obtain,
Note that the expressions above are valid for ω > Qc (radiative transfer) as well as for ω < Qc (non-radiative transfer) provided in the latter case the replacement
The above expressions represent the main results of this work.
IV. DISCUSSION
The following points regarding the expressions above need to be noted, 1. The rate of energy transfer depends on the overlap of the spectral density functions of the excitons in the two layers.
2. Outside the light cone, when ω < Qc, the energy transfer is mediated via evanescent fields and the rate of transfer decreases exponentially with inter-
3. The energy transfer rates depend inversely on the exciton linewidth (and, therefore, the exciton intralayer scattering rates) via the exciton spectral density functions.
4. The energy transfer rates depend on the dielectric constants (or the refractive indices) of the media surrounding the two monolayers. In the simple case when the media on either side of the layers and also in between the layers have the same dispersionless refractive index n, the impedance η o and the speed of light c in the above expressions get replaced by η o /n and c/n, respectively.
5. Since the exciton state belonging to one valley can be considered a superposition of transverse and longitudinal exciton states, its energy transfer rate will be the average of the energy transfer rates for the transverse and longitudinal excitons. 6. In the static limit, Qc >> ω, the expressions for the energy transfer rates obtained for the longitudinal excitons have the same form as those obtained previously for quantum well excitons using the static dipole-dipole interaction Hamiltonian 28 , which is to be expected.
V. NUMERICAL RESULTS FOR THE EXCITON ENERGY TRANSFER TIMES BETWEEN TWO MOS2 MONOLAYERS
For numerical evaluations of the results, we assume two identical and parallel MoS 2 layers at a distance d. The electronic and optical parameter values used for MoS 2 monolayers are the same as those given previously 6, 7, 17 . We first calculate the energy dispersions for the lowest energy 1s longitudinal and transverse excitons (as described in the Appendix), and then use these to compute the energy transfer rates. In numerical calculations, a momentum-independent scattering-limited FWHM exciton linewidth of ∼30 meV is assumed. Figure 3 shows the calculated energy transfer times for both longitudinal and transverse excitons as a function of the exciton inplane momentum Q for different values of the interlayer separation d (d=5, 10, 25 and 50 nm). The value of the momentum Q o , defined byhQ o c = E ex,1s (Q o ), is ∼9.6 1/µm (see the Appendix). For Q << Q o (inside the light cone), the energy transfer is via the radiative mechanism and the energy transfer time is almost independent of Q. When Q ∼ Q o , the cusps in the energy transfer times follow the trends in the radiative lifetimes and the optical conductivities of longitudinal and transverse excitons (see the Appendix). When Q > Q o (outside the light cone), the energy transfer is via the non-radiative mechanism (via evanescent waves). In the case of the transverse excitons, the energy transfer rate decreases (and the energy transfer time increases) exponentially with the product ∼ Qd (for large Q). In the case of the longitudinal excitons, the energy transfer time first decreases with Q because the in-plane component of the evanescent radiation also increases with Q, and then the energy transfer time increases exponentially with the product ∼ Qd (for large Q). Note that for interlayer separations d less than 10 nm, the energy transfer times for the longitudinal excitons can be in the hundreds of femtoseconds range or even smaller. These results show the efficacy of the exciton energy transfer mechanism in TMD monolayers.
Simple expressions for the energy transfer times τ E, Q,L/T,α can be found for two identical TMD layers when Q < Q o and Q > Q o (i.e. away from Q = Q o ) assuming Lorentzian spectral density functions,
where
when f Q,L/T,α < 0 outside the light cone. For Q < Q o (radiative energy transfer) the above expressions can be written as,
Here, τ sp, Q,L/T,α is the spontaneous emission radiative lifetime of excitons in a single TMD layer 7 (see the Appendix). In the case of two MoS 2 monolayers, τ sp, Q≈0,L/T,1s is around 200 fs (for 1s excitons) 7 . Assuming FWHM exciton linewidths of ∼30 meV 6,29 and ∼10 meV, the radiative energy transfer times are ∼3.6 ps and ∼1.2 ps, respectively. Although these times seem short, the radiative energy transfer process will not be very efficient (efficiency less than ∼15%) because the spontaneous emission time is also very short and only a small fraction of the photons emitted from one layer get absorbed by the other layer.
Despite the fast energy transfer rates for the longitudinal excitons when Q > Q o , their contribution to the en- ergy transfer process is expected to be limited by the relatively small density of the longitudinal excitons in a thermal ensemble of excitons since E ex,L,1s ( Q) > E ex,T,1s ( Q) for Q > Q o (see the Appendix). Figure 4 shows the calculated average energy transfer times for a thermal ensemble of (1s) longitudinal and transverse excitons as a function of the exciton temperature. The exciton density is assumed to be dilute enough such that the ex-citon chemical potential is less than the lowest exciton energy level by at least several KT . The exciton FWHM linewidth is assumed to be momentum-independent and equal to 30 meV. Figure 5 shows the same results assuming that the exciton FWHM linewidth is 10 meV. The results show that when the interlayer separation is small then as the temperature increases, and the density of the longitudinal excitons also increases relative to the transverse excitons, the average energy transfer time decreases. However, when the interlayer separation is large, and the energy transfer is by excitons with only small momenta (Q < 1/d), an increase of the temperature results in an increase of the energy transfer time because the exciton thermal distribution spills to larger momenta. These results also show that the average energy transfer times scale with the exciton FWHM linewidth and can be shorter than a picosecond for interlayer separations smaller than 10 nm and exciton linewidths narrower than 10 meV.
VI. COHERENT ENERGY TRANSFER DYNAMICS
In the previous section we assumed that the intralayer exciton scattering and dephasing rates are slow and energy transfer dynamics can be described as a simple decay. Here we quantify this notion and also discuss coherent interlayer energy transfer dynamics. First, we evaluate corrections to the exciton dispersions as a result of interlayer radiative and non-radiative interactions.
We consider two parallel and identical electronically decoupled (but electromagnetically coupled) TMD monolayers, labeled a and b, located at z = 0 and z = d, respectively, as shown earlier in Figure 1 . The analysis is greatly simplified if we define operators for the in-phase ('+' exciton) and out-of-phase ('-' exciton) excitons in the two layers as follows 34 ,
The '+' and '-' excitons have their dipole moments in-phase and out-of-phase, respectively. The retarded Green's functions and self-energies for the '+' and '-' excitons can be found using the methods described in the Appendix,
Here,
is the retarded self-energy for excitons in a single TMD layer and its expression was given previously 7 (also see the Appendix). The expression above is valid for ω > q c as well as for ω < q c provided in the latter case the replacement ω 2 − q 2 c 2 → i q 2 c 2 − ω 2 is made. It is clear from the above expression for the self-energy that in the limit d → 0 the out-of-phase '-' excitons do not radiate whereas the radiative rates of the in-phase '+' excitons are twice as fast as those of excitons in a single TMD layer. The energy splitting between the '+' and '-' excitons due to interlayer interactions can be estimated as,
Since an exciton state in any one of the two TMD layers can be considered a superposition of the in-phase and the out-of-phase exciton states, if the energy splitting ∆ q ,L/T,α due to interlayer interactions is much larger than the exciton linewidth due to intralayer scattering and dephasing then coherent energy oscillations between exciton states in the two layers are expected at the frequency ∆ q ,L/T,α /h, and energy transfer between the layers cannot be described as a simple decay of energy from one layer to the other. The calculated energy splittings between the '+' and '-' excitons are plotted in Figure 6 for the lowest energy (1s) exciton state in two suspended MoS 2 monolayers as a function of the in-plane momentum Q for different values of the interlayer spacing d (d=5, 10, 25 and 50 nm). Inside the light cone, the energy splittings are small (less than 1-2 meV) for all values of d considered. The energy splittings are smaller than the natural linewidth of excitons in a single MoS 2 layer due to radiative decay. Consequently, coherent energy oscillations are not expected for excitons inside the light cone. Outside the light cone, the energy splittings for the longitudinal excitons become large reaching values larger than ∼25 meV for d less than 5 nm. However, these large energy splittings occur at large values of the exciton momenta where exciton intralayer scattering is also expected to be fast and the condition for coherent oscillations might be difficult to meet. If, outside the light cone, exciton scattering rates are small then the coherent dynamics of the average exciton layer number n Q,L/T,a/b,α can be modeled by the following equation similar to that of a damped simple harmonic oscillator, (24) and (25) . In the absence of quantitative models or experimental data for exciton scattering in TMDs it is difficult to say if coherent energy oscillations are possible in TMDs. In the case of localized excitons, discussed next, momentum spread due to localization also contributes to the decoherence of the oscillations.
VII. ENERGY TRANSFER RATES FOR LOCALIZED EXCITONS A. Energy Transfer Rates for a Localized Exciton in Layer a and Free Excitons in Layer b
The analysis in the previous Sections shows that the longitudinal excitons with momenta Q in the Q o < Q < 1/d range have the shortest energy transfer times but the density of such excitons is relatively small in a thermal ensemble at low temperatures thus limiting the average energy transfer rates. Localized excitons, whose wavefunction is a superposition of exciton states of different momenta, could overcome these limitations and exhibit fast energy transfer rates even at low temperatures. We consider an initial exciton state in layer a that is localized in space in a region of size L c . We assume that the exciton wavefunction for the center of mass coordinate in real and Fourier spaces is,
A localized exciton state can be constructed from the ground state |ψ o , corresponding to a filled valence band and an empty conduction band, as follows 7 ,
Assuming the above localized state as the initial state, with a spectral density function A L/T,a,α (ω) with HWHM linewidth of Γ L/T,a,α and centered at the energy E ex,L/T,a,α , the rate of energy transfer to free excitons in layer b for the transverse case is found to be,
and for the longitudinal case we obtain,
Again note that the expressions above are valid for ω < Qc (non-radiative transfer) provided the replace-
Simpler expressions can be obtained in some special cases. Suppose there exists an exciton state β with momentum Q * and a corresponding energy E * in layer b which satisfies the energy conservation relation
. If the exciton in layer a is strongly localized such that the energy spread of the free excitons in layer b corresponding to the momentum spread of the localized exciton in layer a is much greater than γ = (Γ L/T,a,α + Γ Q,L/T,b,α ), coherent oscillations will not be possible. If Q * < Q o and Q * > Q o (i.e. away from Q * = Q o ) then, assuming Lorentzian spectral density functions, the energy transfer times can be written as,
, and
is the density of states of free excitons in layer b. Note that in this case the energy transfer times do not depend on the scattering/dephasing rate given by γ. Assuming α = β, the expressions above differ from the corresponding expressions for free excitons, given earlier in (24) and (25) , by a multiplicative factor of πγg ex,L/T,b,α (E * )|ψ com (Q * )| 2 . For strongly localized excitons, this factor is of the order of unity and therefore energy transfer times for strongly localized 1s excitons in MoS 2 , when plotted as a function of Q * , are expected to be similar to those appearing in Figure (3) .
B. Energy Transfer Rates for a Localized Exciton in Layer a and a Localized Exciton in Layer b
We now consider the case in which the final exciton state in layer b is also localized. The center of mass wavefunctions of the excitons in layer a and b in real space are centered at the in-plane vectors ρ a and ρ b , respectively, and in momentum space these wavefunctions are ψ com,a ( q )e −i q . ρa and ψ com,b ( q )e −i q . ρ b , respectively, where ψ com,a/b ( q ) are as given earlier in (33) . The vector r connects the center of the exciton states, r = ( ρ b − ρ a ) + dẑ. The rate of energy transfer for the transverse case is found to be,
and for the longitudinal case we get,
An interesting case is that of extremely localized excitons for which L c <<hc/E ex,L/T,a/b and L c << d. Assuming wavevector independent values of χ ex,a/b,α/β (0, q ) and using the results,
the above expressions for R E , in the limit (ω/c)r << 1, give a 1/r 2 dependence of the energy transfer rate for the transverse case and a 1/r 6 dependence for the longitudinal case. It is satisfying to note that the former result corresponds to the classical inverse square law for radiative energy transfer and the latter corresponds to the standard Forster's result for non-radiative energy transfer via dipole-dipole interaction 25, 26 . In the longitudinal case, if one integrates the energy transfer rate over the inplane position ρ b of the final exciton state, then the total energy transfer rate will scale as 1/d 4 with the interlayer separation.
VIII. ENERGY TRANSFER RATES FOR AN EXCITON IN LAYER a AND FREE ELECTRON-HOLE PAIRS IN LAYER b
In many cases of practical interest where the optical bandgaps and/or the exciton binding energies in two different TMD monolayers are very different, the energy transfer can be from the excitons in the wider bandgap TMD layer to the free electron-hole pairs in the narrower bandgap TMD layer. For example, this could be the case in two parallel monolayers of MoS 2 and MoTe 2 31 . We assume that an exciton in layer a with momentum Q decays into a free electron-hole pair in layer b. We assume that the energy emission and absorption remains close to the conduction and valence band edges at K and K ′ valleys so that the standard optical selection rules are not violated. Since a free electron-hole pair can be considered an unbound exciton, the expressions for the rate of energy transfer between excitons given in the main text are also valid for energy transfer between excitons in layer a and free electron-hole pairs in layer b provided the relative exciton wavefunction in layer b is assumed to be a plane wave, the exciton energy dispersion in layer b is replaced by that of a free electron-hole pair, and the summation over the final exciton states (i.e. over β) in layer b is replaced by a phase space integral over the relative wavevector.
We assume that the free electron-hole pair in layer b is described by the spectral density function A k, Q,b (ω) with HWHM linewidth Γ k, Q,b . Here, k is the relative momentum of the electron-hole pair and Q is the center of mass momentum and the spectral density function is centered at the energy For the case of the transverse excitons in layer a we get,
f c/v are the layer b conduction and valence band electron occupation factors, and χ k,b ( Q) is related to the interband momentum matrix element in layer b by the expression,
We define the momentum k * and the energy E * by the energy conservation relations, E ex,L/T,a,α (Q) = E g,b + E * +h 2 Q 2 /2m ex,b and E * =h 2 (k * ) 2 /2m r,b . Given the number of possible final states (corresponding to different values of k) and the fast electron and hole scattering rates in TMDs, we don't expect coherent oscillations. Assuming that the narrower bandgap material is in the ground state with a full valence band and an empty conduction band, the energy transfer times can be expressed as,
outside the light cone. Here, g f ree,b (E) is the joint density of states for the creation of free electron-hole pairs (per valley/spin) in layer b. Again note that the energy transfer times do not depend on the scattering/dephasing rate. The expressions above differ from the corresponding expressions for free excitons, given earlier in (24) and (25), by a multiplicative factor of
This factor is expected to be much smaller than unity for most TMD pairs. Still, the energy transfer times for longitudinal excitons in layer a can range from a picosecond to tens of picoseconds (depending on the initial exciton momentum Q and the magnitude of the joint density of states for free electron-hole pair creation in layer b) for interlayer spacings smaller than 10 nm.
As an example, we consider the case of MoS 2 and MoTe 2 layers. The exciton energy in MoS 2 is ∼1.9 eV and the quasiparticle bandgap E g,b of MoTe 2 is ∼1.7 eV. Assuming an exciton FWHM of 30 meV in MoS 2 and parameters of MoTe 2 as given in the literature 31 , the value of πγg f ee,b (E * )|χ k * ,b ( Q)/χ ex,a,1s (0, Q)| 2 is found to be in the 0.07-0.08 range (for different momenta of the initial exciton state in MoS 2 ). Therefore, the energy transfer times between (1s) excitons in MoS 2 and free electronhole pairs in MoTe 2 will be approximately 12-14 times those given in Figure 3 for the case of 1s excitons in two identical MoS 2 layers.
IX. DISCUSSION AND CONCLUSION
In this paper we presented results on the energy transfer rates between excitons in 2D TMD monolayers. The results show that the energy transfer rates can be very fast. Exciton energy transfer can potentially be used to design novel optoelectronic devices with TMD monolayers. To date, the authors are not aware of an experimental studies in this area. However, the results presented in this paper can be easily tested experimentally.
The theory presented in this paper has certain limitations and care needs to exercised when interpreting the results and comparing these results with experiments:
1. The technique used in this paper is valid provided the exciton optical conductivity 6,29 σ α (ω) satisfies |η o σ α (ω)| << 1, which is typically the case in TMDs 6, 29 . If |η o σ α (ω)| ≥ 1, the vacuum field in the vicinity of the TMD layers will get modified and the expression for the field given in (6) will no longer be valid. The field would then need to be quantized in the presence of the TMD layers 32 , a task beyond the scope of this paper.
2. In plotting all the results, a momentumindependent exciton FWHM linewidth was used. Exciton intralayer scattering and dephasing rates are expected to depend on the exciton momentum. Since the exciton energy transfer rates depend, in most cases, on the exciton scattering rates, a quantitative theory or experimental data for momentum-dependent exciton scattering rate in TMDs is needed for a better understanding of the dependence of the energy transfer rates on exciton momenta.
3. It is well known that radiation emission and absorption rates are affected by the presence of dielectric interfaces 33 . Most experiments on TMD layers are performed with the layers placed on dielectric substrates. The influence of nearby dielectrics would need to be taken into account in comparing theory with experiments. In this section, we calculate the exciton self-energy in TMD monolayers. For the sake of simplicity we will assume that there is only one significant exciton level labeled by α. The non-interacting (bare) retarded Green's function for the exciton field is 23 ,
(47) The exciton operator C Q,L/T,α was defined earlier in (10) . In the Fourier domain the Green's function is,
The non-interacting (bare) retarded radiation Green's function is defined as,
First, we dress the radiation Green's function with term H ′ int in the exciton-photon interaction Hamiltonian that is quadratic in the vector potential (see Section (II C 2). The resulting dressed Green's functions D R q,L/T (ω) can be expressed in a form that will be useful later,
The denominator on the right hand side in the above equations is generally small and may be neglected. But it plays an important role when off-shell exciton selfenergies are desired, as shown below. The Green's functions for the radiation field are gauge-dependent. It is convenient to choose the temporal gauge in which the scalar potential is set equal to zero (and need not be taken into account separately) 30 . Henceforth, all results will be given for the temporal gauge. The Dyson equation for the exciton Green's function is,
where the retarded self-energies are found to be,
The dressed exciton Green's functions become,
Eex,α( q ) Σ oR q ,L/T,α (ω)
Here, Σ The situation is reversed when ω < q c and then the magnitude of the real part of the self-energy becomes large and the imaginary part vanishes. Therefore, when E ex,α ( q ) >hq c (inside the light cone) one can ignore corrections to the exciton dispersion, and the radiative lifetime of the exciton can be related to the imaginary part of the self-energy evaluated on the shell, 
Note that the corrections obtained from H ′ int , which was quadratic in the vector potential, are important for obtaining the correct expressions for the exciton selfenergies far off-shell.
B. Exciton Energy Dispersions in a Single TMD Layer
The exciton self-energy expressions given above can be used to obtain energy dispersions, E ex,L/T,α ( q ), for the longitudinal and transverse excitons. The results are shown in Figure 7 for the lowest energy (1s) exciton state in a suspended MoS 2 monolayer. We define Q o by the equation E ex,1s (Q o ) =hQ o c. The dispersion for the transverse exciton consists of two curves (corresponding to the distinct poles of the Green's function). The upper curve has all the spectral weight for Q << Q o and the lower curve gets all the weight when Q >> Q o , and the spectral weight shifts from the upper curve to the lower curve around Q ≈ Q o . The dispersion for the longitudinal exciton consists of only a single curve and the energy dispersion is linear in Q for Q >> Q o . For Q > Q o , E ex,L,1s ( Q) > E ex,T,1s ( Q). Therefore, in a thermal ensemble of excitons, transverse exciton density is expected to exceed the longitudinal exciton density. Note that there are negligibly small corrections to the exciton dispersion within the light cone for both the transverse and longitudinal excitons.
